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Abstract:

The concept of n-normal lattices was introduced by William H. Cornish[7]. We defined an n-prime
ideal in an ADL R and characterized an n - prime ideal in terms of distinct prime ideals of R. An n-normal
ADL is defined and it is proved that an ADL R is an n-normal ADL if and only if for each prime ideal P of R,

P? is an n+1 prime ideal of R. Also, we characterized an n-normal ADL in terms of its minimal prime
ideals and also in terms of its annihilators. A sectionally n-normal ADL is defined in a natural way and it
is proved thatan ADL R is n-normal if and only if R is sectionally n-normal. Finally, it is proved that every
ideal in an ADL R is n-normal as a sub ADL of R if and only if R is n-normal.

Keywords: Almost Distributive Lattice(ADL), n-prime ideal, n-Normal ADL.

Introduction
The concept of an Normal Almost Distributive lattice(ADL) was introduced in [5] as a common abstraction
of all existing ring theoretic and lattice theoretic generalizations of a Boolean algebra. In [7], W.H.Cornish
introduced the concept of normal lattices and relatively normal lattices and studied their properties. In[5], we
defined an ADL to be normal if its principal ideal lattice is a normal lattice.

The concept of n - normal lattices was introduced by William. H. Cornish [7]. An n - normal lattice is a
distributive lattice with ‘0’ in which every prime ideal contains at most n minimal prime ideals.

In this paper we introduce the concept of an n-normal ADL and study some of its properties. Also, we
characterize an n-normal ADL in terms of its minimal prime ideals and also in terms of its annihilators.

We characterized the normal ADLs in terms of its prime ideals and minimal prime ideals. We defined the
concept of sectionally normal and proved that every normal ADL is sectionally n-normal and conversely.
Finally, we characterized n- normal ADLs in terms of its prime ideals.

Throughout this paper the letter R stands for an ADL (R, v, A, 0) with 0.

0. Preliminaries

An Almost Distributive Lattice (ADL)[3] is an algebra (R, v, A) of type (2, 2) satisfying

1. (Xvy)az= (XAZ)v(yAz)

2. XA(Yvz) = (XAY)V(XAZ)

3 (Xvy)Ay=y

4: (XVY)AX=X

5: XV(XAY) =X
It can be seen directly that every distributive lattice is an ADL. If there is an element 0 € R such that
OAna= 0 foralla eR, then (R,Vv, A,0) iscalledan ADL with 0. An ADL (R, vV, A, Q) satisfies many

properties satisfied by a distributive lattice with 0. These results are taken from [3],[5].
). Let (R, v, A,0) be an ADL with 0. Then for any a € R,

1): av0 =a
2): Ova=a
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3):an0=0
4): ara=a
5:ava=a

). Let (R, v, A,0) be an an ADL with 0. Then it satisfies the following:
D:(avb)ac= (anc)v(bac)
2): an(bvcec) = (anb)v(aac)
3): av(bac) = (avb)a(avec)
4):(avb)ab=Db
5:0ra=0
6): av0 =a forall a, b, ceR
1. 1If (R,v, A,0)isan ADL, forany a, b e R, define @ <b ifand onlyif a=aAb (or equivalently,
avhb=D) ,then <isa partial ordering on R and for any a,b, ¢ € R, we have the following:
(1): avb=a<anab=b
2

3

avb=b<aanb=a

avb=Dbwva whenever a<hb

SN

)
)
)i A isassociative in R,
5
6) (avb)ac= (bva)ac
7)
8)
9)

10) a<avband anb<b

11)
12)
(13): 1fa<c; b<cthen anb=baAa and avb=bva

(14): avb=avbva
It can be observed that an ADL R satisfies almost all the properties of a distributive lattice except the right

distributivity of v over A, commutativity of v, commutativity of A and an absorption law. Any one of
these properties make an ADL R a distributive lattice. That is

0.1. Theorem [5] : Let (R, Vv, A,0) be an ADL with 0. Then the following are equivalent.
1): (R,Vv,A,0) is adistributive lattice.
2): avb=bva, forall a, beR
3): anb=Dbnaa, forall a, beR..
4):(anb)vec= (avc)a(bvc), forall a, b, ceR.
As usual, an element M € R is called maximal if it is maximal element in the partially ordered set (R, <).

Thatis, forany ae R,m<a=m=a.
0.2. Theorem [5]: Let R be an ADL and m € R. Then the following are equivalent.
1): m is maximal with respect to <.

2): mva=m, forallaeR
3): maa=a, forallaeR
4): avm is maximal, for all a € R

anb=0<bra=0

anbac=baanc
av(bac) = (avb)a(ave)

an(avb) =a;(aanb)vb=b;andav(bra) =a

AN N AN N N NN NN SN /N

ana=aand ava=a

Ova=aandan0 =0
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As in distributive lattices ([1],[2]), we define a non-empty subset | of R isanideal of R if for any
a, bel,avbel andaanxel forany ael,xeR.

Also, a non-empty subset F of R issaid tobea filter of R if forevery a, be F,anbeF and
XxvaeF foraeF,xeR.

The set 1(R) of all ideals of R is a bounded distributive lattice with least element {O} and greatest
element R under set inclusion such that, forany I, J € I(R), | nJ isthe infimum of | and J while
the supremum is given by 1 vJ ={avb|ael, beJ}.

A proper ideal P of R isaprimeideal ifforany X, ye R, XxAyeP =xeP or ye P . A proper

ideal M of R is said to be maximal if it is not properly contained in any proper ideal of R . It can be
observed that every maximal ideal F of R isa prime ideal. Every proper ideal of R is contained in a
maximal ideal. For any sub set S of R the smallest ideal containing S is given by

(ST ={(v".4s)AX|s €S, xeR and ne N}.
0.3. Lemma [5]: Forany X, Y in R the following are equivalent
D. (xXI= (vl
2.y AX=X
3.yvx=y
4).[y) =[x
For any X, Y € R, it can be verified that (X]v (y] = (Xv y] and (@] A(b] = (a Ab]. Hence the set

PI(R) of all principal ideals of R isa sub lattice of the distributive lattice 1(R) of ideals of R . Hence

several important concepts/properties of distributive lattices can be introduced in the class of ADLs through
its principal ideal lattices.

A prime ideal P of R is said to be minimal if it is minimal among all the prime ideals of R

0.5. Theorem [4]: Every prime ideal of R contains a minimal prime ideal. Let P be a prime ideal
containing an ideal 1 of R.Then P isa minimal prime ideal belonging to | iff for each X € P thereisa
y ¢ P suchthat xAyel.

A prime ideal P of R is a minimal prime ideal if and only if for each X € P, thereis y ¢ P such that
XAy =0.
A lattice with 0 is called normal if each prime ideal contains a unique minimal prime ideal.

0.6. Definition: Let P be an ideal in R. Then we define P°= {xeR|x A a =0, forsome a € R—P}.

0.7. Theorem [5]: If P is a prime ideal in R, then the ideal P is the intersection of all the minimal prime
ideals contained in P.

1. n-Prime Ideals in an ADL

We begin this section with the following definition.
1.1. Definition : Let A be any nonempty subset of an ADL R and a € R. Then we define
A ={xeR|xaae A}. We call Aaas a section of A by a.

First we prove the following lemma.
1.2. Lemma : Let A, B be any two subsets of an ADL R and a € R.. Then

D.AcB=A cB,
2). (ANB), =A NB,
3). (AuB),=A UB,

In the following result we give a relation between an ideal of an ADL R and a section of an ideal | by an
element of R .

3 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




ISSN: 2320-0294 [ Impact Factor: 6.238

1.3. Theorem : Let | be any ideal inan ADL R and a€R. Then | isanidealof R and | I,

Proof : Let | be an ideal of an ADL R and aeR. . Since 0 l, we have OAna= Oe | and hence
Oel, .Therefore 1, #¢. LetX, yel, . Then XAnael and yarael . Since | isanideal of R,
we have (XxAa)v(yAa)el and hence (Xvy)aael. Therefore Xvyel,. Again, letxel, .
ThenXAael . Since | isanideal, forany re R, xAaArel. Thisgives rAXAael and hence
XArAael. ThereforeXArel, . Thus I, isanideal of R.

LetX el .Since | isanidealof R,foraeR,xAael . Therefore Xe I, and hencel I, .

Now we prove that if @ is any element of an ideal | of R, then the section of | by a is R itself.

1.4. Theorem : Let | beanidealofan ADL R and ae R .Then ael <1, =R
Proof : Let | bean ideal of an ADL R and a < l. Since | isanideal of R, forany xe R,aAnx el

and hence X Aa € |. Then from the definition of 1,, we get X € |,. Therefore we get R I,. Thus we

al
have R=1,.
Conversely, suppose that |, =R .Sincecae R , weget ael, and hence anae| . Therefore

ael.
1.5. Corollary : Let | bean ideal ofan ADL R Then I, =R.

If R isan ADL with a maximal element and | is an ideal in R, then in the following result we we can
observe that the section of | by a maximal element is the ideal | itself.
1.6. Lemma : If m e R isa maximal element of an ADL R, then | =1.

In the following result we prove that if P is a prime ideal of an ADL R, then the section of P by an
element which isnotin P is P itself.

1.7. Lemma : If P isa prime ideal of an ADL R thenforany a ¢ P,P, =P.

Proof : Let P beaprime ideal ofan ADL R and a ¢ P. Since P is an ideal of R, from Theorem 1.3, we
have P P, . LetXxe P, . Then XAaeP.Since P isaprimeideal of R, either Xe P oraeP .

But @ ¢P. Therefore X P. HenceP =P, .

Now we prove the following theorem.

1.8. Theorem: Let I, J be any two ideals of an ADL R and a, b € R. Then
D.(1),=1,
2)'(Ia)b = IbAa = Ia/\b :(Ib)a
A, Nl =1,
4.1, vl
5).(v3I),=(U,vI,),
6). (I AJd), = (I, Ad,),
1.11. Definition : Let R be an ADL and A, B be any two subsets of R . Then A is said to be pair wise in

B if for every X, y € A with X# Yy, XA Y e B. The concept of an N— prime ideal in a distributive

lattice was introduced by William. H. Cornish [ 7]. Analogously we define an n— prime ideal in an ADL as
follows.

1.12. Definition : Anideal | of an ADL R issaid to be n—prime ideal of R if for any X, X, ....... VX
in R with X, AX; €l forall i jthen X, €l forsome ke {12, ...... ,n}.
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By routine verification using the definition of an N — prime ideal[1.12], we can obtain the following lemma.
1.13. Lemma: Let | be anideal of an ADL R . Then

1). Every ideal of R isa 1- prime ideal.

2). | isaprime ideal if and only if | isa 2 - prime ideal.

3).For 2<n<m, every n— primeideal of R isalsoan m— prime ideal of R .

1.14. Lemma : Let | beanideal of an ADL R . If m is the largest integer such that there exist

a, 3y, ... , &, inR—1 ,whicharepairwisein | thenforl<i<m, I  isaprimeideal of R.
Proof : Let | bean ideal of an ADL R . Let m be the largest integer such that &, a,, .....a, be m
elements of R— | , which are pair wise in | . From Theorem 1.3, we have |, where 1<i<m, isan ideal

of R. Now we prove that Iai is a prime ideal of R .
If g €1, then & A& . Thatis & €| . Thisis not possible. Thus & & I, . Therefore |, is a proper
ideal of R. Let X, yeR and XAyel,. Then XAyAa el andhence (XAna)A(yAra)el.

Now consider the set of (m+1) elements {a,, a,, ..., &_,,(XA&),(yA&), &,,, .....a,} of R.
Clearly this set is pairwise in | and containing (m + 1) elements. Therefore from the hypothesis, we get
either XA 8 €l oryAga el . Thisgiveseither xel, or yel, .Therefore |, isa prime ideal of
R.

In the following theorem we characterize an n - prime ideal of R in terms of ideals.

1.15. Theorem : Let | beanidealin ADL R andn>2 . Then | is n— prime ideal of R if and only if

foranyideals I, I,, ..., I, in R suchthat I; Al; < I,i# j, there exists K such that I,  I.

Proof : Let | be anideal of an ADL R . Assumethat | isan n— prime ideal of R.
Let I, 1,, ..... , |, bethesetof n idealsin R which are pair wise in | .

Suppose 1, isnot containedin | ,forall k= 1,2, ...., n..
Now choose X, € I, suchthat x, ¢ I for L<k <n. Since I, Al; < I, weget X AX; €l forall
I# J. Since | is n— prime ideal of R, we get X, € | forsome ke {1 2,....., n}. Thisisa

contradiction. Therefore there exists some k € {1, 2,........ , N}suchthat I, < I.
Conversely, assume the given condition.
We have to prove that | isan n—prime ideal of R . Let {X, X, ...... , X, } be any subset of R which is

pair wise in | . Now we prove that there exist some k € {1,2,....., n} such that X, € I.
Now consider the ideals {(x,], (X,], ......(X,]} of R.
Since X, AX; e, for i# j weget (X]A(X;]< | for i j.Then from our assumption, there exists

ke {1,2,....., n} suchthat (X, ] < | andhence we getX, € 1. Therefore | isan n— prime ideal of R

Now we conclude this section with the following theorem in which we characterize an n— prime ideal of R
in terms of prime ideals of R..

1.16. Theorem : Let | beanidealinan ADL R.Then | isan n— prime ideal of R ifand onlyif | is
the intersection of at most n — 1 distinct prime ideals of R .

Proof : Let | be anideal of an ADL R . Assumethat | isan n— prime ideal of R .

If n = 2, then from (2) of Lemma 1.13, | becomes a prime ideal and hence the required condition is trivial.
Now assume that m < n is the largest integer such that for any X, X,, ...... , X, of R are pair wise in | and

X &1 forall ie {12,....., N}.Then from Lemma 1.14, |, becomes a prime ideal of R. Also, from

X

m
Lemmal3,l c |, foralie {1,2,....., n}. Therefore | N1, .
' i=1
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m
Againlet a1l .Then ael, forall ie {1,2,...., m}y.Then anx el forall ie {42,....., m}.
i=1 '

Therefore we get the set {a, Xy Xy weey xm} is pair wise in | .Since this set containing m+1 elements of
m m

R and x; & | for all i, from assumption we get, a € |. Therefore (11, < I. Thus I =(1,.
i=1 i=1

Thatis, | is the intersection of m (m < n) prime ideals of R .

Conversely, assume that B, P,, ...., B (L1<k <n—1) aredistinct prime ideals of R such that

I =P, NP, ... PB,.. Wehave to prove that | isa n—prime ideal of R .

Let {X,, X,, ..., X,}beanysubset of R which is pair wise in | .

Suppose X; & | for 1 <i<n. Then for each I for 1 <r <k, thereisatmostonei (L<i<K) such that
X; & P.. Sincek < n , there is some I such that X, ¢ P,.for two distinct i’s. This is a contradiction.
Therefore, there exists some K € {1, 2,....., n—1}such that X, € I.

Hence | isan n— prime ideal of R .

2. n-Normal ADLs

The concepts of n—normal lattices and sectionally n—normal lattices were introduced by
William.H.Cornish in [7]. In this section we define an N — normal ADL and study some of its properties.

Now we begin this section with the following definition.

2.1. Definition : Let N >1 be a positive integer. An ADL R with 0 is called h— normal if each prime ideal
in R contains at most N minimal prime ideals of R .

2.2. Theorem : Let R be an ADL with 0 and n be a positive integer. Then R is N — normal if and only if
for each prime ideal P, P® isan (n+ 1)— prime ideal.

Proof : Let P be a prime ideal of a n—normal ADL R . Then P contains at most N minimal prime
ideals of R . From Theorem 0.7, P° is the intersection of all minimal prime ideals of R contained in P .
Since P contains at most N minimal prime ideals of R, P? is the intersection of at most N minimal ideals.
Therefore from 1.16, P° isan (n+ 1) —prime ideal of R . Conversely, suppose, for each prime ideal P of
R, P%isa (n+ 1)—prime ideal. We have to prove that R is n— normal.

Now we prove that each prime ideal of R contains at most N minimal prime idealsof R . Let P bea
prime ideal of R . Then P%isan (n+ 1) —prime ideal. Then from Theorem 1.16, P° is the intersection of

at most n distinct prime ideals of R . Let P, P,, ..... , B, 1<k <n, be distinct prime ideals of R such

k
that B, =P NP,NIiNB = ﬂi:lpi' Let Q be a minimal prime ideal contained in P . Since P° is the
intersection of all the minimal prime ideals contained in P, we get pe c QcP. Thatis

k R .
ﬂi:lPi c Qc P. Since Q isaminimal prime ideal, we get P =Q for some i(L<i <k). Thus the
minimal prime ideals contained in P are among {Pl, Pz, ceeny Pk} Hence P contains at most K <n

minimal prime ideals. That is every prime ideal of R contains at most N minimal prime ideals of R .
Therefore R isan n—normal ADL.

Now we characterize an N — normal ADL in terms of its minimal prime ideals.
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2.3. Theorem : An ADL R is n—normal if and only if for any (n+ 1) distinct minimal prime ideals

Q Qe Q, of R, V,Q =R

Proof : Let R be an n—normal ADL. Then every prime ideal of R contains atmost N minimal prime
ideals of R. Suppose V" ,Q, = R.. Then V" Q, is a proper ideal of R, hence it is contained in a
prime(maximal) ideal P of R. Since R is n—normal each prime ideal of R contains at most N minimal
prime ideals. Therefore, our supposition is wrong. Hence \/iioQi =R..

Conversely, assume the given condition. Let P be any prime ideal of R . We have to prove that P contains
at most N minimal prime ideals of R . Suppose P contains (n+ 1) distinct minimal prime ideals say

Q,, Qe Q, of R.Then V' ,Q, < P. But from our assumption, we have V" ,Q, = R.. This gives R

< P. Since P is a proper ideal of R, this is a contradiction. Therefore every prime ideal of R contains at
most N minimal prime ideals of R . Hence R is n— normal.

In the following theorem we characterize an N —normal ADL in terms of its annihilators.
2.4. Theorem : An ADL R is n—normal if and only if for any X,, X, ..... , X, € R, such that

X AX;= 0fori= jwhere 0<i<nand0<j<n, V" (x)=R.

Proof : Assume that R isan n—normal ADL. Let X,, X, ..... , X, be (n+1) elements of R such that

X AX; = 0,fori= j.Suppose V", (x)" #R. Then V" (x) isaproper ideal of R and hence
V", ()" is contained in a maximal ideal say M of R . Thatis (X,) v (X,) V..v(X,) <M .
Since M isa prime ideal and (X)" < M by the 0.6 definition [7]we get X. & M °. Now, since R isan

N —normal ADL and M is a prime ideal of R ,from Theorem 2.2, we have M %is (n + 1) prime ideal of R.
Conversely, assume the given condition. We have to prove that R isan n—normal ADL. Let P be any

prime ideal of R . Then from Theorem 2.2, it is enough to prove that P° is an (n+ 1) —prime ideal of R.
Let @y, a;,....... , a, be (n+1) elements of R which are pair wise in P% . Since a Ana; € P for i = ],
from the definition of P°, there exists y; € R—P suchthat (3 Aa;)AY; = 0.

Now, for 0 <i <n, consider the elements X, =& A (Yig A Yip Aveees A Yiiigy A Yigiay Aevees A Yin)-
Clearly, for i+ j wehave X, AX; = 0. Therefore from our assumption, we get V,io (Xi)*= R.

If (x.) <P forall k ,thenweget R = V" (x) < P : Thisis a contradiction. Therefore (x,)"is
not contained in P for some k(0<k <n) and hence X, € P°. Then by the definition of P°,
there exists @ € R—P such that X, Aa= 0.

Now X Ad= 0= (& A Y AYio Ao A Yegen A Yiany Ao A Vi) A= 0

Since ae R—Pand Yy, Yipeerons Yin € P, wehave (Vg AYio A A Y, AB) €eR-P.
Therefore a, € P° (by definition of P°) and hence P° isa (n+ 1) —prime ideal of R .
2.5.Corollary : Let R bea n—normal ADL.Then for any (n+1) elements Xy, X, ..... , X of R

(AL %) = VD (X A e AX L AX g A AX)

i+1

Proof : Let R bean n—normal ADL and X, X, ..... , X, be (n + 1) elements of R .
Let a=Xy AX Aveee AX, aNd B =Xg Avcce AX g A X g A AX, or 000,

1
We have to prove that (a) = V(b))
Let Xxe(a)". Then xAa= 0.
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Now for i # J, we have b, Ab; =X, AX A......AX =a andhence (XAD, Ab;) =xAa= 0.
Thatis (XA ) A (XADb;) = 0 fori= j.

Now consider the set {X Ay, XAD, ......, XAD }.

Since R is n—normaland (X AB) A (XADb;) = O, for i# j, from Theorem 2.4, we have

R= Viio(X/\b.)*. Therefore X € R can be written as X = V" & where a € (XAb)" for all i.

Then @ AXAbD = 0 andhence we get a AX e ()" forall i.

Now X:X/\XZ(\/iio ai)/\X:\/iiO(a'i AX) € \/iio(bl)*

Therefore X V", (b)". Thuswe get (a) <= V", (b)".

Now let X € ()" for some i. Then x Al = 0 and hence X, AXAb = 0.
Thatis XA X, AX Aveee AX 4y A Xy A X, = 0 and hence we get XAa= 0.

i+l

Therefore X  (a)". Thus we get ()" < (a)". Therefore V", (b)" = (a)".
Hence (a)" = VI, (B)"

Analogous to the concept of sectionally normal ADL, now we introduce the concept of sectionally n—
normal ADL.

2.6. Definition : Let N >1 be a positive integer. An ADL R with ‘0’ is called sectionally N — normal if
each X € R, theinterval [0 X] isan n—normal lattice.

Now we recall that, for any nonempty subset S of R, (X); =(X) N"S={teS|tAax= O}

We conclude this section with the following theorem in which, we prove that an ADL R is n— normal if
and only if R is sectionally n—normal. Since every ideal of R isa sub ADL, we also prove that an ADL
R is n—normal if and only if every ideal of R is N —normal as a sub ADL of R..

2.7. Theorem : The following conditions are equivalent for an ADL R with *0’.
1). R is n—normal.
2). Each ideal 1 of R isan n—normal as a sub ADL of R..

3). R issectionally n— normal.
Proof :
(1) =(2) : Assume that R isan h—normal ADL and | isan ideal of R.

We have to prove that | is n—normal as sub ADL of R. Let X, X, .....X, € | suchthat X, AX; = 0,
for i # J. Since R is n—normal and X,, X, .....X, € Rwith X; AX; = O fori# j, by Theorem 2.4 we
have R = V" (%)

Now I =1AR=1n [V",(x)] = V' [In(x)T = V", (x)

Therefore | is N—normal as a sub ADL of R.

(2) =(3) : Assume that each ideal of R is N —normal as a sub ADL of R .

Let Xe R and Xx# 0O . Now consider the interval [0, X].

We have to prove that [0 X]is an n— normal lattice.

Let Xy, X, .....X, €[0, X]such that a, na; = 0, for i # j. Then from Theorem 2.4, it is enough to prove
that [0, X] =V 5(@,)0,q, Where ()" is an annihilator in [0, X].

Let t €[0, X]. Then t < X and hence we get t A X =t. This gives t € (X] and hence we get

[0, X] = (X]. Clearly, a,, a,, ...... , &, €(X] and & n@; = 0, for i # j. Therefore from our

assumption and Theorem 2.4, we get (X] =V (a,)".
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Now [0, x] = [0, x]n(X]

[0, X1~ {Vio(@)'}

V" {[0,x]"(a,)"} (from (4) of Theorem 1.15)
\/in:O (a i )Eo,x] '

Therefore [0, X] is n—normal and hence R is sectionally n— normal.

(3) =(1) : Assume that R is sectionally n— normal. We have to prove that R is h— normal.
Let Xgy Xy, «oery X, SUCh that X, AX; = O for i . Then from Theorem 2.4, it is enough to prove

that V" (x) =R

Clearly V", (x)" < R.

Now, let @ € R. Then from our assumption, [0, @] isan n—normal lattice.

Clearly, (X, A@),(%, AQ), ..., (X, A2) €[0, @] and (X, AQ)A(X; AQ) = O for i j.
Therefore from Theorem 2.4, we get [0, a] = V', (Xi/\a)’[ko’a],

Since a [0, a], we canwrite =V, t, where t € (X AQ)".

Now a= an(Vi, t) =V, (at).

Sincetie (xin a)_,wegetxin aAti=0forall I.

Thisgives a 4 ti € (xi)_for all i. Therefore  ae V" (x)  andhenceweget R < V" (x)
Therefore R =V, (x)
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